
Analysis (Aufgabenheft) Lösungen+ Kapitel 4

Aufgabe 4.4

(a)

∫ −2

−3

(
x3 + 6x

)
dx =

[
1
4
x4 + 3x2

]−2

−3
= 16− 189

4
= −125

4
= −31.25

(b)

∫ 1

−2

(
x4 − 5

)
dx =

[
1
5
x5 − 5x

]1
−2

= −24
5
− 18

5
= −42

5
= −8.4

(c)

∫ 4

1

x5(2x+ 5) dx =

∫ 4

1

(
2x6 + 5x5

)
dx =

[
2
7
x7 + 5

6
x6
]4
1
≈ 8093.56

(d)

∫ 2

−2

(
2x− 3

)2
dx =

∫ 2

−2

(
4x2 − 12x+ 9

)
dx =

[
4
3
x3 − 6x2 + 9x

]2
−2

= 14
3
−

(
− 158

3

)
= 172

3
= 57.3

Aufgabe 4.5

(a)

∫ 3

1

(
1.5x2 + 3x+ k

)
dx = 17

[
1
2
x3 + 3

2
x2 + kx

]3
1
= 17(

27
2
+ 27

2
+ 3k

)
−

(
1
2
+ 3

2
+ k

)
= 17

25 + 2k = 17

k = −4

(b)

∫ 0

−1

(
3x2 − kx+ k

)
dx = −2

[
x3 − k

2
x2 + kx

]0
−1

= −2

0−
(
− 1− k

2
− k

)
= −2

1 + 3k
2
= −2

3k
2
= −3

3k = −6

k = −2

1



Aufgabe 4.6

(a) f(x) = x2 − 5x+ 4 = (x− 1)(x− 4)

Nullstellen: x1 = 1, x2 = 4

asymptotisches Verhalten: lim
x→+∞

f(x) = lim
x→+∞

x2 = +∞

lim
x→−∞

f(x) = lim
x→−∞

x2 = +∞

x

y

I =

∫ 4

1

(x2 − 5x+ 4) dx =
[
1
3
x3 − 5

2
x2 + 4x

]4
1
= −4.5

A = |I| = 4.5

(b) f(x) = x3 − 2x2 − 3x = x(x2 − 2x− 3) = x(x− 3)(x+ 1)

Nullstellen: x1 = −1, x2 = 0, x3 = 3

asymptotisches Verhalten: lim
x→+∞

f(x) = lim
x→+∞

x3 = +∞

lim
x→−∞

f(x) = lim
x→−∞

x3 = −∞

x

y

I1 =

∫ 0

−1

f(x) dx =
[
1
4
x4 − 2

3
x3 − 3

2
x2
]0
−1

= 7
12

I2 =

∫ 3

0

f(x) dx =
[
. . .

]3
0
= −45

4

A = |I1|+ |I2| = 71
6
= 11.83

(c) f(x) = x4 − 10x2 + 9 = (x2 − 1)(x2 − 9) = (x− 1)(x+ 1)(x− 9)(x+ 9)

Nullstellen: x1 = −3, x2 = −1, x3 = 1, x4 = 3

asymptotisches Verhalten: lim
x→+∞

f(x) = lim
x→+∞

x3 = +∞

lim
x→−∞

f(x) = lim
x→−∞

x3 = +∞
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x

y

I1 =

∫ 1

0

f(x) dx =
[
1
5
x5 − 10

3
x3 + 9

2
x
]1
0
= 88

15

I2 =

∫ 3

1

f(x) dx =
[
. . .

]3
1
= −304

15

A = 2(|I1|+ |I2|) = 784
15

= 52.26 (wegen Symmetrie)

Aufgabe 4.7

p(x) = 3x− x2 = x(3− x) ⇒ x1 = 0, x2 = 3

x

y

A B

Test: f(1.5) = 1.5(3− 1.5) = 2.25 ≤ 3 (ok)

Ap =

∫ 3

0

f(x) dx =
[
3
2
x2 − 1

3
x3
]3
0
= 13.5− 9− (0− 0) = 4.5

1
2
AB

2
= 1

2
· 9 = 4.5 (ok)

Aufgabe 4.8

p(x) = ax− x3 = x(a− x2) = x
(√

a− x
)(√

a+ x
)

Nullstellen: x1 = −
√
a, x2 = 0, x3 =

√
a

x

y

∫ √
a

0

(
ax− x3

)
dx = 9[

1
2
ax2 − 1

4
x4
]√a

0
= 9

1
2
a2 − 1

4
a2 = 9

1
4
a2 = 9

a = 6
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Aufgabe 4.9

Ansatz: f(x) = ax3 + bx2 + cx+ d

f ′(x) = 3ax2 + 2bx+ c

x

y

f(1) = 0: a+ b+ c+ d = 0 (1)

f ′(1) = 1: 3a+ 2b+ c = 1 (2)

f(0) = 0: d = 0 (3)

f ′(0) = 0: c = 0 (4)

a+ b = 0

3a+ 2b = 1
⇒

a = 1

b = −1
⇒ f(x) = x3 − x2

∫ 1

0

f(x) dx =
[
1
4
x4 − 1

3
x3
]1
0
= − 1

12
⇒ A = 1

12

Aufgabe 4.13

p(x) = 2x3 − 6x+ a

p′(x) = 6x2 − 6

p′′(x) = 12x

(a) Tiefstellen:

p′(x) = 0

6x2 − 6 = 0

6(x2 − 1) = 0

x1 = −1 ⇒ p′′(−1) = −12 < 0 ⇒ HoP(−1, 4 + a)

x2 = 1 ⇒ p′′(1) = 12 > 0 ⇒ TiP(1,−4 + a)

Die Parabel p soll die x-Achse in TiP(1,−4 + a) berühren.

⇒ a = 4 ⇒ p(x) = 2x3 − 6x+ 4

(b) p(x) = 2x3 − 6x+ 4

Nullstellen: x1 = x2 = 1, x3 = −2; Ordinatenabschnitt: y0 = 4

x

y

A =

∫ 1

−2

(
2x3 − 6x+ 4

)
dx =

[
1
2
x4 − 3x2 + 4x

]1
−2

= 13.5
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Aufgabe 4.14

(b) f1 : y = x f2 : y = x3

x

y

A = 2

∫ 1

0

(
x− x3

)
= 2

[
1
2
x2 − 1

4
x4
]1
0
= 2 ·

(
1
2
− 1

4

)
= 1

2

(c) f1 : y = 2x− 3 f2 : y = x2 − 2x− 8

2x− 3 = x2 − 2x− 8

0 = x2 − 4x− 5 = (x− 5)(x+ 1)

x1 = −1 ⇒ y1 = −5

x2 = 5 ⇒ y2 = 7

x

y

A =

∫ 5

−1

(
2x− 3−

(
x2 − 2x− 8

))
dx

=

∫ 5

−1

(
− x2 + 4x+ 5

)
dx =

[
− 1

3
x3 + x2 + 5x

]5
−1

= 36

(d) f1 : y = x3 f2 : y = 2x− x2

x3 = 2x− x2

0 = x3 + x2 − 2x = x(x2 + x− 2) = x(x− 1)(x+ 2)

x1 = 0 ⇒ y1 = 0

x2 = 1 ⇒ y2 = 1

x3 = −2 ⇒ y3 = −8

x

y

5



A1 =

∫ 0

−2

(
x3 + x2 − 2x

)
dx =

[
1
4
x4 + 1

3
x3 − x2

]0
−2

= 8
3

A2 =

∫ 0

1

(
x3 + x2 − 2x

)
dx =

[
1
4
x4 + 1

3
x3 − x2

]0
1
= 5

12

A = A1 + A2 =
37
12

Aufgabe 4.15

p(x) = x3 − 3x2 + 6

p′(x) = 3x2 − 6x = 3x(x− 2)

p′′(x) = 6x− 6 = 6(x− 1)

(a) p′(x) = 0

x1 = 0 ⇒ p′′(0) = −6 < 0 ⇒ HoP(0, 6)

x2 = 2 ⇒ p′′(2) = 6 > 0 ⇒ TiP(2, 2)

x

y

(b) t : y = 2 (parallel zur x-Achse durch TiP)

p(x) = t(x)

x3 − 3x2 + 6 = 2

x3 − 3x2 + 4 = 0

x1 = x2 = 2

x3 = −1

A =

∫ 2

−1

(
f(x)− t(x)

)
dx =

∫ 2

−1

(
x3 − 3x2 + 4

)
dx

=
[
1
4
x4 − x3 + 4x

]2
−1

= 27
4
= 6.75
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Aufgabe 4.19

p(x) = 1
3
x2; p′(x) = 2

3
x

Kurventangente in P (6, y) (z. B. via Taylorpolynom)

t(x) = f(6) + f ′(6)(x− 6) = 12 + 4(x− 6) = 4x− 12

x

y

6

12

3

Nullstelle von t: x = 3

A = AParabel − ADreieck =

∫ 6

0

1
3
x2 dx− 1

2
· 3 · 12−

=
[
1
9
x3
]6
0
− 18 = 24− 18 = 6

Aufgabe 4.38

x

y

t

A

M

Kreis mit M(2, 2) und r =
√
22 + 22 = 2

√
2

Ansatz: f(x) = ax2 + bx (c = 0 da (0, 0) ∈ Gf )

f ′(x) = 2ax+ b

f(4) = 4: 16a+ 4b = 4 ⇒ 4a+ b = 1 (1)

f ′(4) = −1: 8a+ b = −1 (2)

(1) (2) ⇒ f(x) = −1
2
x2 + 3x

Gleichung des Durchmessers: g(x) = x

Fläche zwischen Diagonale und Parabel:

I =

∫ 4

0

(
f(x)− g(x)

)
dx =

∫ 4

0

(
−1

2
x2 + 3x− x

)
dx

=

∫ 4

0

(
−1

2
x2 + 2x

)
dx =

[
−1

6
x3 − x2

]4
0
= 16

3

A = 1
2
AK − I = 4π − 16

3
≈ 7.23
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